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Abstract 

We consider the problem of achieving average consensus with linear iterations in optimal time 
on a fixed, undirected graph. We are motivated by the so-called "definitive consensus conjecture" 
which states that for an undirected connected graph Q with diameter D there exist D matrices 
whose nonzero-pattern complies with the edges in Q and whose product equals the all-ones matrix. 
Our first result is a counterexample to the definitive consensus conjecture. We then provide 
some algebraic conditions under which this conjecture holds, which we use to establish that all 
distance-regular graphs satisfy the definitive consensus conjecture. Finally, we show that the same 
conditions can be used to find more than D matrices leading to average consensus and introduce 
a new graph-theoretic parameter. 

Keywords: consensus; distributed computation; algebraic graph theory; graph eigenvalues; distance- 
regular graphs 

1 Introduction 

Consensus algorithms are a class of iterative update schemes commonly used as building blocks for 
distributed control protocols. The advances made within recent years in analyzing and designing 
consensus algorithms have lead to advances in a number of fields, for example inference in sensor 
networks |16j . distributed optimization |12j . and distributed machine learning pp. These are among 
the many subjects that have benefitted from the use of consensus algorithms. 

One of the available methods to design an average consensus algorithm is to use constant update 
weights satisfying some conditions for convergence (as can be found in [3] for instance). However, the 
associated rate of convergence might be a limiting factor, and this has spanned a literature dedicated 
to optimizing the speed of consensus algorithms. For example, recent work has studied optimizing the 
spectral gap of the stochastic update matrix [H [15] or choosing an optimal network structure [6]. Other 
recent works have focused on achieving average consensus in finite time. For instance, [5] shows that 
if the interaction network is given by a fixed undirected graph (initially unknown to the agents) and 
if the agents have total recall of the previously sent and received information, then a control scheme 
that is optimal in time can be found. Again on fixed undirected networks, it is shown in 13J that any 
node can compute some particular functions of the initial values after using almost any weights for a 
certain finite number of iterations; given that the agents have either the memory of their past values 
or one dedicated register of memory. 

In this paper, we study consensus schemes in which every node can update its state as a linear 
function of the states of its neighbors and itself. We are concerned with picking update matrices so 
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that average consensus is achieved in the fastest possible time, possibly as fast as the diameter of the 
underlying graph. 

Our setting is that of a fixed interaction network encoded by an undirected graph Q = (V, £)■ As 
mentioned, agents are allowed to store only their current state and to synchronously update it to a 
linear combination of their state and the states of their neigbours. Hence, if xf' denotes the state 
of agent i at time t and Af, C V denotes the set of agents with which i can communicate then the 
updated state of agent i is x[ t+1 ^ = a l -* +1 Vf' 1 + J2jeJ^i a ij +1 ^ x ? some choice of weights a^'. More 
compactly, a synchronous linear update can be written as x' t+1 ) = A^ t+1 ^x^ where the states of the 
agents at time t are in the column vector x^) and the weights af^ in the matrix A^h The matrices 
AW are naturally required to comply with the underlying graph Q = (V,£) in the following sense. 

Definition 1. Given a graph Q = (V, £) on N nodes, we define 

M{Q) = {A e R NxN \i ^ j and £ £ =S> a VJ = 0}. We will refer to M(G) as the set of matrices 
that comply with Q . 

We say that a network of agents has reached average consensus at time t* if the state of each agent 
equals the average of the initial states, i.e., if x^' ) = x(°)l with 1 the column vector of ones. This is 
the case for any initial vector x' ' if and only if A^ ' • • • A^ = ^11 T . 

This setting was first considered by L. Georgopoulos. He investigated the question of existence 
of weights leading a fixed network of agents to average consensus in the minimum number of linear 
updates. Note that a lower bound on this minimum number is given by the diameter of the graph 
of interactions (the definition of diameter is reminded in Appendix A). He formulated the following 
conjecture. 

Conjecture 1 (definitive consensus conjecture, [7]). For any connected graph Q on N vertices, there 
exist D(Q) ( the diameter of Q) matrices A^' that comply with the graph and such that 



so 



that AW g »A( D W-V • • • A«x(°) = x(°)l. 



In other words, the conjecture states that it is always possible to linearly reach average consensus 
in only D{Q) steps. 

We remark that the definitive consensus conjecture may be viewed as a statement about the fea- 
sibility of certain polynomial equalities. Indeed, developing Equation ([l]) leads to a system of TV 2 
polynomial equations in the D(Q)(N + 2\£\) weights. For instance, on a simple graph of diameter 2 
such as P3 pictured on Fig. [l] there is no link between nodes 1 and 3, hence and a^' must be 
zero. Thus, we have the liberty to choose the other 14 nonzero entries afj in order to fulfil 
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Developing the product on the left-hand side in this last equation yields a system of nine polynomial 
equations in the fourteen weights. 



Figure 1: P3, the path graph on 3 vertices. 



This particular system actually admits an infinite number of solutions via scaling and also different 
types of solutions. For instance, one can easily retrieve two very different sets of weights by using 
either the Gather and Distribute strategy introduced in Section [2] or Proposition [6] hereunder. 
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We now summarize our results and the organization of the remainder of this paper. We begin by 
stating some previous results on the definitive consensus conjecture in Section [2] We then provide 
a counterexample to the conjecture in Section [3] In Section [4j we provide some algebraic conditions 
under which the definitive consensus conjecture holds and show that all distance-regular graphs satisfy 
the conjecture. Finally, in Section [5] we show how our conditions can be used to find a number 
(possibly larger than D(Q)) of matrices in M.{Q) that lead to average consensus and introduce the 
notion of a consensus number of a graph. 

2 Previous results 

2.1 On trees and graphs with a Diameter Preserving Spanning Tree 

It has been proven in [7] that trees satisfy the definitive consensus conjecture. The proof is constructive 
and allows some intuition on the matrices. The key element is to discover that in any tree all nodes 
are at most at distance \_D{T)/2\ from either a unique central nod^ or one of two adjacent central 
nodes (a result known as Jordan's Tree Theorem). Therefore, one can always gather the initial states 
at the central node(s), compute the average there, and distribute it using only D(T) steps in total. A 
precise description of this Gather and Distribute scheme can be found in Section 4.2]. 

The fact that the conjecture holds on trees naturally induces that one can reach average consensus 
on any graph with a number of updates equal to at most two times the radius 1 . Indeed, a spanning 
tree generated by Breadth First Search from a central node has a diameter of at most two times the 
radius of the original graph. Moreover, the definitive consensus conjecture holds on graphs admitting a 
Diameter Preserving Spanning Tree (DPST), which is a tree on the same set of nodes, using a subset of 
the edges and having the same diameter as the original graph. A characterization of graphs admitting 
a DPST can be found in [5]. 

2.2 On other graphs 

When the Gather and Distribute scheme cannot be applied in D(Q) steps, one is left with a large 
system of polynomial equations in the weights to prove or disprove the conjecture. Such systems 
are not easy to solve. Grobner basis theory and Buchberger's algorithm are one way, but due to its 
exponential time complexity this algorithm becomes intractable even on small graphs. Some heuristics 
have also been proposed in [7J. 

Regarding the more general question of finite-time consensus, we have previously cited some results 
that require the agents to memorize more than their current state. Another approach concurrent to 
ours is developed in PHHH] ■ The results independently presented there are particular cases of Corollary 
[8] in this paper, as we will discuss later. 

3 A counterexample to Conjecture [I] 

We now demonstrate that the conjecture is false using the graph Q cx pictured on Fig. [2] 

Proposition 2. Graph Q cx does not fulfil Conjecture^ i.e., no two matrices A,B compliant with Q cx 
satisfy AB = ^11 T . 

Proof. We proceed by contradiction. Suppose there exist two ten by ten matrices A = [ay], B = [by] 
in M.{Qcx) such that AB = 11 T (the coefficient -h has been dropped here as any coefficient can be 
obtained by scaling the matrices). An entry [AB]jj corresponds to the sum, over all walks of length 
two, of the product of the weights chronologically set on the crossed edges. For instance, there is only 
one path of length two from 1 to 6 and it passes through 4. The same holds from 1 to 7 so these 
entries in AB read as [AB] 61 = a^b^x — 1 ancl [^--Ski = 074^41 = 1. These two relations can hold 
only if a 6 4 = 074. Similarly, one finds a corresponding relation by looking at the paths from 3 to 7 and 

1 See Appendix lAl for definitions of central node and radius. 
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Figure 2: Q cx , a graph on which Conjecture [T] does not hold. 



8, 075 = a 85 . Then, let us look at L4_B] 62 , we have [AB]g2 = 064642 = 1 so 642 = = Similarly 
we find 652 = — -^p ■ Now, there are two paths of length two from 2 to 7, one through 4 and one 
through 5. Therefore, we get the contradiction [AB]72 = 074642 + 075652 = 1 + 1^1, where we have 
used the equalities previously obtained. □ □ 

Hence, Conjecture [l] fails on Q cx . Nevertheless, there are many graphs on which it holds as we will 
see in the next section. 



4 Particular cases 

In this section we demonstrate sufficient conditions on a matrix in M.{Q) for Conjecture [l] to hold on 
Q. We then verify that these conditions hold for path graphs and distance-regular graphs. 

We first state and prove a general theorem that highlights the core conditions needed on the matrix. 
Then we prove a corollary that is much more practical. Let us recall that the minimal polynomial of 
a matrix is the least degree monic polynomial p such that p(M) = 0; we denote it by niM^x) for a 
particular matrix M. Cayley-Hamilton's Theorem shows that the minimal polynomial has the same 
roots as the characteristic polynomial, i.e., the eigenvalues, but with multiplicity equal to the largest 
size of a Jordan block corresponding to the eigenvalue. 

Theorem 3. Let Q be a connected graph with diameter D . If there exists a matrix M £ M(G) such 
that the three following conditions are satisfied, 

(a) ker(M - fcl) = ker(M T - fcl) = {al\a £ R}; 

(b) niM^x) has degree D + 1; 

(c) M has real eigenvalues, i.e., the roots of mM{x) are real; 

then there exist D matrices in M.{Q) whose product in any order equals ^11 T . 



Proof. By assumption (a) and Cayley-Hamilton's Theorem, (x — k) is a factor of m,M{x). So, let 



q(x) 



(x-k) 



By definition of the minimal polynomial m,M(M) = (M — kl)q(M) = 0. Again by 



assumption (a), this relation holds only if each column of q{M) is a multiple of 1, 



?(M) = 



a N l 



(2) 



We now prove that the a^'s must be equal. Since 1 T is a left-eigenvector of M, l T p(M) — p(k)l T for 
any polynomial p. So, if we pre-multiply each side in ^ by 1 T we get q(k)l T = N(a± ct-i • • • ct./v). 
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Thus, a\ = ■■■ = chn = and |2J) can be written q(M) = ^All T . By assumptions (b) and 
(c), q(M) can be factorized in D real linear factors which taken on M give the matrices A^> = 
(M — A{I) ,t = 1, . . . , D. These matrices are indeed compliant with Q if M is. Note that q(k) ^ 
as ([2]) would otherwise violate the definition of the minimal polynomial, so we can scale by \/q(k) to 
obtain the claimed result. Finally, the order in which one applies the matrices has no importance as 
they commute. □ □ 

Theorem [3] has a simple consequence if M is chosen symmetric and nonnegative irreducible. 

Corollary 4. Let Q be a connected graph with diameter D. If there is a symmetric irreducible non- 
negative matrix M £ Ai(Q) satisfying the two conditions 

(I) Ml = fcl for some k £ R; 

(II) M has only D + 1 distinct eigenvalues, 

then there exist D real matrices A® that comply with the graph and such that A^ A^ D ~^ ■ ■ ■ A^ = 
J-11 T 

N • 

Proof. We check that all the conditions in Theorem [3] are met. As Ml — kl and M — M T , 1 is in 
ker(M — kT) and in ker(M T — M). The fact that these eigenspaces have dimension one follows from 
Perron-Frobenius' Theorem since 1 is a positive eigenvector, and M is nonegative irreducible. Hence, 
condition (a) is met. Now we look at conditions (b) and (c).The matrix M is diagonalizable since 
real and symmetric. Thus, all the Jordan blocks in its Jordan normal form have dimension one. So 
by Cayley-Hamilton, the degree of the minimal polynomial equals the number of distinct eigenvalues. 
Finally, the eigenvalues are real because M is symmetric. □ □ 

The main challenge in finding a matrix in Ai(Q) that fulfils the hypotheses of Corollary [4] is 
condition (II). The other conditions can easily be met with a matrix in M(G). For instance, if 
A is the adjacency matrix of a connected graph then M = A — diag(^4l) + max(v4l)I is symmetric 
nonnegative and irreducible. Indeed, a nonnegative matrix B £ M, NxN is irreducible if and only if the 
digraph on N nodes with arc set | [B]ji > 0} is strongly connected. The digraph corresponding 

to the nonzero entries of this particular M, and any matrix that has the same nonzero entries as A, is 
a directed version of Q which is strongly connected because Q is connected. One can easily check that 
M = A — diag(Al) + max(Al)E also has 1 as eigenvector. 

We end this section with a Proposition that sheds some light on conditions (b) or (77) and might 
help in proving that they are satisfied. Let us first define the algebra generated by a matrix; Am = 
{p(M) £ H NxN \ p £ R[x] }. This set Am is an algebra because it has the structure of a real vector 
space with a bilinear law of composition between vectors. Indeed, the powers of M can be seen as 
vectors and the matrix multiplication yields a bilinear product from Am x Am to Am- Note that by 
definition, the degree d of the minimal polynomial m,M(x) is the dimension of Am- Indeed, it gives 
the first power M d that can be generated by a linear combination of the powers 0, . . . , d — 1. Many 
nice proofs in algebraic graph theory use the algebra generated by the adjacency matrix of a graph. 
The following Proposition generalizes one such result to the matrices that comply with a graph. 

Proposition 5. For any matrix M £ A4(G) such that there exist p £ R[x] with p(M) having no zero 
entry it holds that dim(^Af) > D(Q) + 1. 

Proof. Let p £ R[x] be a least degree monic polynomial such that p(M) has no zero entry, denote 
its degree by d. We claim that d > D(Q). Indeed, d cannot be less than the diameter since for 
any nodes i, j at distance D(Q) from each other [M k ]ij cannot be nonzero for k < D(Q). Finally, 
as a linear combination of {/, M, . . . , M d } is needed to have a matrix with no zero entries, one can 
show by contradiction that the powers to d must be linearly independent, so dim(^M) > d + 1 > 
D(g) + l. □ □ 

Proposition [5] shows that conditions (b) and (II) correspond to a lower bound on the degree of the 
minimal polynomial of a matrix that satisfies the other conditions. 
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4.1 Paths and distance-regular graphs 

We now illustrate Corollary [4] on path graphs with the following Proposition (P3, the path graph 
on three nodes is pictured on Fig. [I]). Note that the Gather and Distribute scheme discussed in 
Section [2] already provides weights leading to average consensus on a path network. Nevertheless, 
this Proposition shows a completely different and arguably more decentralized way to reach average 
consensus on such a network. 

Proposition 6. Let Pn be the path graph on N nodes with adjacency matrix Ap N such that nodes 
1 and N have degree one. Then M — Ap N + diagjl, 0, . . . , 0, 1} has N real distinct eigenvalues 
2, Ai, . . . , Aat_i and (M - Ajv-iI) ■ • • (M - Ail) = 11 T . 

Proof. We prove that M satisfies the hypotheses of Corollary |4j It is readily seen that M is non- 
negative, symmetric, in .M(Pjv) and such that Ml = 21. Moreover, M is irreducible as the di- 
graph on N nodes with arc set \M]ij > 0} corresponds to the directed version of Pjv which 
is strongly connected. It remains to prove that M has D(Pn) + 1 distinct eigenvalues which we do 
by applying Proposition [5] The sum of the powers to N of Ap N has no zero entries because any 
two nodes are at most at distance N. Hence, given the definition of M, (M + I) N has no zero en- 
tries. Thus, by Proposition [5| D(P N ) + 1 < dim(A M )- On the other hand, D(P N ) = N - 1 and 
Cayley-Hamilton's Theorem implies that dim (./4m) < N hence, dim(.AM ) = N. Then, by Corollary|4j 
(M — Ajv-iI) • • • (M — Ail) = t^11 T - Finally, one can show that must be equal to 1 by computing 
the entry [(M — Ajv_iI) • • • (M — XiI)] 1N . □ □ 

We can also directly apply Corollary [4] on a large class of graphs called distance-regular graphs. 
We refer the reader to [21 Chapter 20] for a clear introduction to this class of graphs. For instance, 
the cycles, the Petersen graph, the hypercube graphs and the complete bipartite graphs are distance- 
regular. Many examples of such graphs can be found in [T3]. For the sake of completeness we provide 
their definition in which Q r {i) denotes the set of nodes at distance r from node i in Q. 

Definition 2. A connected graph Q with diameter D is distance-regular if there exist integers 
{bo, b\, ... , &d-i; Ci, C2, . . . , Cd} such that for each pair i, j of r -distant vertices we have 

1. for 1 < r < D, c r is the number of vertices in CJ r _ 1 (j) that are adjacent to i; 

2. for < r < D — 1, b r is the number of vertices in C? r+1 (j) that are adjacent to i. 

From the definition, one can see that all distance-regular graphs are regular of degree bo, which 
will be used in proving Proposition [7] 

Proposition 7. Let Q be a distance-regular graph, then there exist D(Q) matrices in M.{Q) whose 
product equals a multiple o/ll T . 

Proof. Damerell has proven, using the algebra generated by the adjacency matrix A and the graph 
interpretation of its powers, that the adjacency matrix of any distance- regular graph Q has only 
D(Q) + 1 distinct eigenvalues [H Theorem 20.7]. Also, A is clearly nonnegative, symmetric and irre- 
ducible. Moreover, as any distance-regular graph is 6o _r egular, we have Al = bol. Thus, Corollary [4] 
is applicable on any such graph simply with M = A. □ □ 

As an example, let us consider the Pappus graph pictured on Fig. [3j It has 18 nodes, diameter 4 
and is distance-regular with integers {3, 2, 2, 1; 1,1, 2, 3} [T3]. Its adjacency matrix A has the spectrum 

(with multiplicities) {-3^,— y/3 ,0< 4 \ ,3^}. So, the four weight matrices 

A^ = ±(A + 3I) , A^ = ^ r3 (A + V r St) , 
A^ = \A , A^ = I A 7=3 (A-VSI), 

lead the Pappus network to average consensus. The evolution of 18 states according to these weights 
and starting from an x^ ) uniformly distributed in [—1.5, 1.5] is illustrated on Fig. kl 
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Figure 3: The Pappus graph. 
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Figure 4: Evolution of 18 uniformly distributed initial states on the Pappus graph using the given 
weights. 

5 Finite-time linear average consensus and the consensus num- 
ber of a graph 

In the previous section we proved Corollary|4]and used it to exhibit some graphs on which the conjecture 
holds. This same corollary might be adapted to easily find a finite number (maybe larger than D{Q)) 
of matrices leading a fixed network of agents to average consensus. 

Corollary 8. Let Q be a connected graph, if there exists a symmetric irreducible nonnegative matrix 
M £ A4(Q), with 1 as eigenvector and s distinct eigenvalues then, there exist s — 1 real matrices A^> 
that comply with the graph and such that A^^ 1 ^ ■ ■ ■ = -^11 T . 

Proving this goes the same way as for Corollary [4] but with D(Q) replaced by s. For instance, on 
the counterexample Q cx , the matrix M — Ag cT — diag(^4g ca . 1) + 41 fulfils the hypotheses of Corollary 
[8] with Ml = 41 and s = 4. Hence, average consensus is linearly achievable on Q cx in three steps. 

This particular M = A — diag(Al) + max(Al)I (with A the adjacency matrix of a graph) is the 
one that has been independently analyzed for finite-time average consensus in |10| . The author proves 
there that average consensus is always achievable in a number of steps equal to s — 1 when s is the 
number of distinct eigenvalues of M. His proof relies on joint diagonalization of matrices of the form 
o;,I+ /3M. On some graphs, this matrix does not achieve the minimum number of distinct eigenvalues. 
For instance, the graph on Fig. [5] is such that A — diag(-Al) + max(Al)I has five distinct eigenvalues 
but we could find a matrix fulfilling Corollary [8] with only three distinct eigenvalues (which also equals 
its diameter plus one). 

The fact that the definitive consensus conjecture does not hold raises the question of the least 
number of steps necessary to linearly achieve average consensus on a connected graph. We call this 
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Figure 5: A graph such that A — diag(v4l) + max(yll)I does not achieve the minimum number of 
distinct eigenvalues over the set of symmetric nonnegative irreducible matrices in M(Q). 



least integer the consensus number of a graph. It is clear that the consensus number is lower bounded 
by the diameter of the graph but sometimes strictly bigger. Given the counterexample Q cx (Fig. [2]) 
and the defining properties of distance-regular graphs, we might suspect that this parameter is linked 
to the number of edge-disjoint shortest-paths of maximum length. From Section [2] we know that the 
consensus number is upper-bounded by 2R(Q). Moreover, Corollary [8] shows that it is upper-bounded 
by s — 1 for s the number of distinct eigenvalues of any symmetric irreducible stochastic matrix in 
■M(G), which links our problem to the contemporary Inverse Eigenvalue Problem on a Graph [5]. 

6 Conclusion 

We have provided a counterexample to the definitive consensus conjecture. Thus, average consensus is 
not always linearly achievable in a number of steps equal to the diameter of the graph, even though this 
number is sufficient for all the agents to influence each other. However, we have shown that finding 
a matrix in M(G) meeting some algebraic conditions could allow to easily find matrices leading to 
average consensus in finite time. These solutions are given by D(Q) (respectively s — 1) linear matrix 
factors if the matrix has a minimal polynomial of degree D(Q) + 1 (respectively s). Since distance- 
regular graphs have minimal polynomials of degree D(Q) + 1, it follows that the definitive consensus 
conjecture holds on all distance-regular graphs. Finally, we introduced the consensus number of graph, 
which is the minimum number of iterations with which average consensus is linearly achievable on the 
graph. We believe that this parameter is linked to other graph-theoretic parameters. 

References 

[1] Hock Hee Ang, Vivekanand Gopalkrishnan, Steven C. Hoi, and Wee Keong Ng. Cascade rsvm 
in peer-to-peer networks. In Proceedings of the 2008 European Conference on Machine Learning 
and Knowledge Discovery in Databases - Part I, ECML PKDD '08, pages 55-70. Springer- Verlag, 
2008. 

[2] Norman Biggs. Algebraic Graph Theory. Cambridge University Press, 1994. 

[3] Vincent D. Blondel, Julien M. Hendrickx, Alex Olshevsky, and John N. Tsitsiklis. Convergence 
in multiagent coordination, consensus, and flocking. In Proceedings of the Joint 44th IEEE Con- 
ference on Decision and Control and European Control Conference, pages 2996-3000, 2005. 

[4] Stephen Boyd, Persi Diaconis, and Lin Xiao. Fastest Mixing Markov Chain on a Graph. Siam 
Review, 46, 2004. 

[5] Fred Buckley and Martin Lewinter. A note on graphs with diameter-preserving spanning trees. 
Journal of Graph Theory, 12:525-528, 1988. 

[6] Jean-Charles Dclvcnnc, Ruggcro Carli, and Sandro Zampieri. Optimal strategies in the average 
consensus problem. Systems and Control Letters, 58:759-765, 2007. 



8 



[7] Leonidas Georgopoulos. Definitive Consensus for Distributed Data Inference. PhD thesis, EPFL, 
Lausanne, 2011. 

[8] Supratim Ghosh and Ji-Woong Lee. Optimal Distributed Consensus on Unknown Undirected 
Graphs. In Proceedings of the joint 51st IEEE Conference on Decision and Control and European 
Control Conference, 2012. 

[9] Leslie Hogben. Spectral graph theory and the inverse eigenvalue problem of a graph. Electronic 
Journal of Linear Algebra, 14:12-31, January 2005. 

[10] Alain Y. Kibangou. Finite-time consensus based protocol for distributed estimation over AWGN 
channels. In Proceedings of the Joint 50th IEEE Conference on Decision and Control and European 
Control Conference, pages 5595-5600, December 2011. 

[11] Alain Y. Kibangou. Graph laplacian based matrix design for finite-time distributed average 
consensus. In American Control Conference (ACC), 2012, pages 1901 -1906, June 2012. 

[12] Angelia Nedic and Asu Ozdaglar. Distributed subgradient methods for multi- agent optimization. 
IEEE Transactions on Automatic Control, 54(1):48-61, January 2009. 

[13] Shreyas Sundaram and Christoforos N. Hadjicostis. Distributed function calculation and consensus 
using linear iterative strategies. IEEE Journal on Selected Areas in Communications, 26(4) :650- 
660, may 2008. 

[14] Eric W. Weisstein. Distance-regular graph, http://mathworld.wolfram.com/distance- 
regulargraph. html . 

[15] Lin Xiao and Stephen Boyd. Fast linear iterations for distributed averaging. In 42nd IEEE 
Conference on Decision and Control, volume 5, pages 4997-5002, 2003. 

[16] Lin Xiao, Stephen Boyd, and Seung-Jean Kim. Distributed average consensus with least-mean- 
square deviation. Journal of Parallel and Distributed Computing, 67:33-46, 2007. 

A Graph theory 

Given a connected graph Q = (V,£), we define the distance, S(i,j), separating two nodes i,j e V 
as the number of edges in a shortest-path between i and j. Following this definition, the diameter, 
D(Q), of a graph Q = (V,£) corresponds to the maximum distance between two nodes in V, i.e., 
D{Q) = maxjjgy Another linked parameter is the eccentricity, e(i), of a node i € V. This is the 

maximum distance separating i from another node in Q, i.e., e(i) = max je v The radius R{Q) of 

a graph is the minimum eccentricity over all nodes, i.e., R{Q) = min ie y e(i) = min ig y (max^gy S(i,j)). 
Finally, a node is called central if its eccentricity equals the radius of the graph. 
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